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Preliminaries

� Homework turn-in has been very good.

� Make sure you have completed 10 assignments with a mark of 2 by the end
of this term.

� First class week 3.

� 2 classes in week 9.
� 2 practical assignments this term

É Handout: 3, Submit: 5 and out in 7 in in 9
É Handout: 7, Submit: 9

� MATLAB drop-in sessions starting next week
É Wednesday 19.30 – 21.30 in the Manor Road Building IT room
É Will work through the the key steps of the 6 lessons this term
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Time Series Questions

� How does the Box-Jenkins model for time-series analysis work?

� How do I forecast from an ARMA?

� How are forecasts evaluated?

� What is a non-stationary process and a unit root?

� How do I test for unit roots?
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Model building the Box-Jenkins way

� Model building is similar to cross-section regression
� Can use same techniques

É General to Specific or Specific to General
É Information criteria: AIC, BIC

� Box-Jenkins is dominant methodology, 2-steps
É Identification: Use ACF and PACF to choose model
É Estimation: Estimate model and do diagnostic checks

� Two principles
É Parsimony
É Invertibility
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Strategies

� General to Specific
É Fit largest specification
É Drop regressor with largest p-val
É Refit
É Stop if all p-vals indicate significance using a size of α

Â α is the econometrician’s choice

� Specific to General
É Fit all specifications with a single variable
É Retail variable with smallest p-val
É Extend this model adding on additional variables one at a time
É Stop if the p-vals of all excluded variables are larger than α
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Information Criteria

� Information Criteria
É Akaike Information Criterion (AIC)

AIC = ln σ̂2 + k
2

T

É Schwartz (Bayesian) Information Criterion (SIC/BIC)

BIC = ln σ̂2 + k
ln T

T

� Both have versions suitable for likelihood based estimation

� Reward for better fit: Reduce ln σ̂2

� Penalty for more parameters: k 2
T or k ln T

T
� Choose model with smallest IC

É AIC has fixed penalty⇒ inclusion of extraneous variables
É BIC has larger penalty if ln T > 2 (T > 7)
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Model Diagnostics

� Important to assess whether your model “fits”
É Are the residuals white noise?

Â Eye-ball test
Â Ljung-Box Q stat or LM serial correlation test
Â SACF/SPACF of the residuals

É Are there any large outliers?
Â Eye-ball test

� What to do if there are problems?
É Use SPACF/SACF to repeat Box-Jenkins and augment your model with

correct dynamics to pick up problem
É Repeat diagnostics

� Concern: Repeated testing may render critical values misleading
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Forecasting

� A h−step ahead forecast, ŷt+h|t , is designed to minimize a loss function
É MSE: (yt+h − ŷt+h|t )2
É MAD: |yt+h − ŷt+h|t |
É Quad-Quad: α1(yt+h − ŷt+h|t )2 + α2I[yt+h−ŷt+h|t<0](yt+h − ŷt+h|t )2

Â Asymmetric if α1 6= α2
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The MSE Optimal Forecast is the conditional mean

� Let y∗t+h = Et[yt+h]
� Let ỹt+h be any other value

E[(yt+h − ỹt+h)2] = E[
((

yt+h − y∗t+h

)
+
(

y∗t+h − ỹt+h

))2]

= E[
(

yt+h − y∗t+h

)2 + 2
(

yt+h − y∗t+h

) (
y∗t+h − ỹt+h

)
+
(

y∗t+h − ỹt+h

)2]

= Vt[yt+h] + 2E[
(

yt+h − y∗t+h

) (
y∗t+h − ỹt+h

)
] + E[

(
y∗t+h − ỹt+h

)2]

= Vt[yt+h] + 2
(

y∗t+h − ỹt+h

)
E[
(

yt+h − y∗t+h

)
] + E[

(
y∗t+h − ỹt+h

)2]

= Vt[yt+h] + 2 · 0E[
(

yt+h − y∗t+h

)
] + E[

(
y∗t+h − ỹt+h

)2]

= Vt[yt+h] + E[
(

y∗t+h − ỹt+h

)2]
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Forecasting

� MSE optimal forecast for an AR(1):

yt = φ1yt−1 + εt

Et[yt+1] = Et[φ1yt + εt+1]

= φ1Et[yt] + Et[εt+1]

= φ1yt + 0

Et[yt+2] = Et[φ1yt+1 + εt+2]

= φ1Et[yt+1] + Et[εt+2]

= φ1φ1yt + 0

= φ2
1 yt + 0
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Forecast evaluation

� Two primary criteria to evaluate forecasts:
É Objective
É Relative

� Objective: Mincer-Zarnowitz regressions

yt+h = α + β ŷt+h|t + ηt

� H0 : α = 0,β = 1, H1 : α 6= 0 ∪ β 6= 1
É Use any test: Wald, LR, LM

� Can be generalized to include any variable available when the forecast was
produced

yt+h = α + β ŷt+h|t + γxt + ηt

� H0 : α = 0,β = 1, γ = 0, , H1 : α 6= 0 ∪ β 6= 1 ∪ γj 6= 0

� xt must be in the time t information set

� Important when working with macro data
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Relative evaluation

� Diebold-Mariano test
É Two forecasts, ŷA

t+h|t and ŷB
t+h|t

É Two losses, lA
t = (yt+h − ŷA

t+h|t )
2 and lB

t = (yt+h − ŷB
t+h|t )

2

Â Losses do not need to be MSE

É If equally good or bad, E[lA
t ] = E[lB

t ] or E[lA
t − lB

t ] = 0

É Define δt = lA
t − lB

t
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Relative evaluation

� Diebold Mariano is implemented as a t-test that E[δt] = 0
� H0 : E[δt] = 0, HA

1 : E[δt] < 0, HB
1 : E[δt] > 0

É Composite alternative
É Sign indicates which model is favored

DM =
δ√
V̂[δ]

� One complication: {δt} cannot be assumed to be uncorrelated, so a more
complicated variance estimator is required

� Newey-West covariance estimator:

σ̂2 = γ̂0 + 2
L∑

l=1

[
1− l

L + 1

]
γ̂l
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Implementing a Diebold-Mariano Test

DM =
δ√
V̂[δ]

Algorithm (Diebold-Mariano Test)

1 Using the two forecasts, ŷA
t+h|t and ŷB

t+h|t , compute δt = lA
t − lB

t

2 Run the regression
δt = β + ηt

3 Use a Newey-West covariance estimator (see the help for olsnw in
MATLAB)

4 T-test H0 : β = 0 against HA
1 : β < 0, and HB

1 : β > 0

5 Reject if |t| > Cα where Cα is the critical value for a 2-sided test using a
normal distribution with a size of α. If significant, reject in favor of model A if
the test statistic negative or reject in favor of model B is the test statistic is
positive.
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Nonstationarity defined

� Any series which is not stationary is nonstationary
� Four major types

É Seasonality
Â Only slightly problematic
Â Can often be analyzed using standard tools and Box-Jenkins

É Deterministic trends: growth over time
Â Linear
Â Polynomial
Â Exponential

É Random walks or unit roots
É Structural breaks
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Seasonality

� Seasonality is technically a form of non-stationarity
É Mean explicitly depends on the quarter, month, day or minute

� Three types:

Definition (Seasonality)

Data are said to be seasonal if they exhibit a non-constant deterministic pattern on
an annual basis.

Definition (Hebdomadality)

Data which exhibit day-of-week deterministic effects are said to be hebdomadal.

Definition (Diurnality)

Data which exhibit intra-daily deterministic effects are said to be diurnal.
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Seasonality

� Easier to think of processes with seasonality as having two models
É Short-run dynamics
É Seasonal dynamics

� Model building is standard with these two goals in mind
� Data

É US Money Supply M1: Cash and checking accounts
É January 1959 - December 2005
É Not seasonally adjusted
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Autocorrelation of the M1 money supply
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Deterministic trends

� Trending series can be decomposed

yt = deterministic trend + stationary component + noise

� Two major types
É Polynomial

yt = φ0 + δ1t + δ2t2 + . . . + δsts + εt

Â Linear (important special case)

yt = φ0 + δ1t + εt

É Exponential
ln yt = φ0 + δ1tt−1 + εt

� Solution is to detrend
É Detrended series is a stationary process
É Standard model building on residuals
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GDP Growth
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Stochastic trends

� Stochastic trends are similar to deterministic trends
É Dominant feature of a process

yt = stochastic trend + stationary component + noise

� Most common stochastic trend is a unit root

� There are others (generally non-linear)
� Removed using stochastic detrending (differencing)

É Meaningfully different that deterministic detrending
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What’s the problem with unit roots?

� Unit roots cause a number of problems
É Exploding variance: V[yt ] = tσ2

É Inconsistent parameter estimates
É Spurious regression
É No mean reversion in long-run forecasts

� Crucial to understand whether a process is stationary or contains a unit root
� Has large economic consequences

É PPP
É Covered interest rate parity
É Carry trades
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Testing for unit roots

� Dickey-Fuller looks like a standard t-test

yt = φ1yt−1 + εt

� H0 : φ1 = 1, H1 : φ1 < 0
� Impose the null:

yt − yt−1 = φ1yt−1 − yt−1 + εt

∆yt = (φ1 − 1)yt−1 + εt

∆yt = γyt−1 + εt

� New H0 : γ = 0, H1 : γ < 0
� Augmented Dickey Fuller (ADF) captures short run dynamics as well

∆yt = γyt−1 + ρ1∆yt−1 + ρ2∆yt−2 + . . . + +ρP∆yt−P + εt

� Extra terms (∆yt−1), if relevant, can reduce the variance of the errors
É Increase the t-stat⇒ increase the power
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The problem

� t-stat is no longer asymptotically normal
� Requires Dickey-Fuller distribution

É MATLAB returns the correct critical value

� Many processes with unit roots also contain deterministic components
� Asymptotic distribution depends on choice of model:

∆yt = γyt−1 +
P∑

p=1

φp∆yt−p + εt (No trend)

∆yt = δ0 + γyt−1 +
P∑

p=1

φp∆yt−p + εt (Constant, linear in yt)

∆yt = δ0 + δ1t + γyt−1 +
P∑

p=1

φp∆yt−p + εt (Constant, quadratic in yt)

� More deterministic regressors lower the critical value
� Reject null of unit root if t-stat of γ is negative and below the critical value
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CPI and Inflation
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Unit Root Tests on CPI and the Default Spread

ln CPI
ln CPI ln CPI ln CPI ∆ ln CPI ∆ ln CPI ∆2 ln CPI

t-stat -2.117 -1.472 0.876 -2.157 -1.969 -16.179
p-val 0.538 0.549 0.897 0.226 0.048 0.000

Deterministic Linear Const. None Const. None None
# lags 12 12 12 12 12 0

Default Spread

Default Sp. Default Sp.

t-stat -3.958 -2.942
p-val 0.002 0.004

Deterministic Const. None
# lags 11 11
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Important considerations

� Unit root tests are well known for having low power
É Power = 1-Pr(type II)
É Chance you don’t reject when alternative is true

� Some suggestions
É Use a loose model selection criteria when choosing the number of lags of
∆yt−j, e.g. AIC

É Be conservative in excluding deterministic regressors.
Â Including a constant or time-trend when absent hurts power
Â Excluding a constant or time-trend when present results in no power

É More powerful tests than the ADF are available: DF-GLS
É Always plot data and differenced data
É Use a general-to-specific search
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Nonlinear Models for the mean

� Linear time series process

yt = y0 +
t∑

i=0

θiεt−i

� Anything else
É Markov Switching Autoregression (MSAR)
É Threshold Autoregression (TAR)

Â Self-exciting Threshold Autoregression (SETAR)

É Many, many others

� Nonlinear models can capture different dynamics
É A picture is worth 103 words.

� State-dependent parameters

yt = φ
st
0 + φ

st
1 yt−1 + σstεt

É Models differ in how st evolves
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Simple Markov Switching Example

� Two states, H and L

yt =
{
φH + εt

φL + εt

� States evolve according to a 1st order Markov Chain

{st} = {H , H , H , L, L, L, H , L, . . .}

� Transition Probabilities[
pHH pHL

pLH pLL

]
=
[

pHH 1− pLL

1− pHH pLL

]
� pHH is the probability st+1 = H given st = H .

� Model will switch between a high mean state and a low mean state

� Models like this are very flexible can nest ARMA

� Successful in financial econometrics for asset allocation, volatility modeling,
modeling series with business-cycle length patterns: GDP
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Markov Switching: i.i.d. Mixture
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Markov Switching: Symmetric Persistent
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Markov Switching: Asymmetric Persistent
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Markov Switching: Different Variances
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Have a great break!
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